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A PARTIAL ISOMORPHISM B E T W E E N T H E FUNC
TIONS OF LUCAS AND WEIERSTRASS* 

BY E. T. BELL 

1. Introduction. In a former paper f it was pointed out that 
certain identities in the theory of multiplication, real or 
complex, of elliptic functions, are of precisely the same form 
as others between Lucas* Un, Vn. The latter were defined 
only for integer values of n by Lucas as follows, 

an _ fin 

a — p 

where a, |8 are real or complex numbers such that a+P=p> 
aP = q, where p, q are rational numbers. Hence C7n, Vn are 
rational numbers and are solutions of 

Wn+2 = pWn+l - qWn, 

with the initial conditions 

(#o,tfi) = (0,1), (y0,vù=(2,p). 

It follows, as shown by Lucas,$ that Z7», Vn are simply 
expressible as circular functions of a real or imaginary argu
ment, according as a/(J is imaginary or real. Thus every 
formula in elliptic functions will contain as a degenerate 
case one concerning the Un, Vn functions, but this is not the 
isomorphism sought. 

We first generalize Lucas' definition in one respect and 
specialize it in another, replacing n by the complex variable z 
and restricting g to be 1. We shall write the functions thus 
defined as 

(1) U(z) s a ~ a_ , V{z) s a" + a-% 
a — a 1 
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