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In this paper, we obtain a characterization of linear spaces which
may be normed so as to become complete, linear, normed metric
spaces. In this connection, K. Kunugui! and M. Fréchet? have shown
that every metric space .S is isometric with a subset of a complete,
linear, normed metric space. It follows from our result that if the
cardinal number of S is the limit of a denumerable sequence of cardi-
nals, then there is no complete, linear, normed metric space isometric
with S. Results on topological spaces which may be rendered linear,
normed metric spaces and complete, linear, normed metric spaces
have been given by A. Kolmogoroff® and B. Z. Vulich.4

It will be assumed that the reader is familiar with certain elemen-
tary portions of the theory of linear and metric spaces, and with trans-
finite cardinal and ordinal numbers.® Using the generalized continuum
hypothesis and normal order theorem, we prove the following:

THEOREM. A necessary and sufficient condition that a linear space
may be made a complete, linear, normed metric space by a suitable
definition of norm is that the cardinal number of its Hamel basis should
not be the limit of any denumerable sequence of cardinals which, precede it.

A Hamel basis of a linear space S is a subset T of S such that every
element of S is a linear combination, with real coefficients, of a finite
number of elements of T, and there is no proper subset of T with this
property. The following properties of a Hamel basis will be used in
demonstrating the theorem, and are given without proof:

(a) A linear space S has a Hamel basis.®
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