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ON THE CONVERGENCE OF FOURIER SERIES 

BY WILLIAM RANDELS 

The purpose of this note is to show that a criterion for the 
convergence of Fourier series, given by Tonelli,* is contained 
in the Lebesgue criterion. 

The conditions of the Tonelli criterion aref 

(1) 00) = 0(1) a s / - > 0 ; 

(2) 0(0 is absolutely continuous in the interval (e, 7r), e>0 , or 

0(/) = I <t>'(r)dT, for / > 0; 

(3) meas. Km^0 /0 ' (O^O. 
Here by meas. H m we mean that in calculating the limit we 

are permitted to leave out of consideration sets of measure zero. 
We have to show that, if the above conditions are satisfied, the 
conditions of the Lebesgue criterion, 

(4) Ht) = f I *(T) \dr = o(0, 
J o 

ra. , dt 
(5) I 0(/ + Ô) - 0(/) | — = o(l), as Ö -> 0, ô > 0, 

are also satisfied. 
Condition (4) is an obvious consequence of (1). Let 4>'(t) = 

0 / ( 0 + 0 / ( 0 , where 

= (*'(*)> t c E - EWW^ 0), = (0,t c E, 
0 1 W l0 , t c C(£), U ' ( 0 , / c C(E). 

Then | 0 ' (O| = 0 / (0 - 0 / (0 = <£'(*) - 2 0 2 (/). Since 02 '(O<O, 
condition (3) implies that we have meas. Hm^o t<j>i(t)—Q, or 
02 (0 = 0 (1 /0 , except for a set of measure zero. Since we know 
that 5 > 0 and 0(0 =/f10 ,(r)rfr if / > 0 , 

* L. Tonelli, Óme Trigonometriche, 1928, p. 291. 
t </>(/) is defined in the usual way by </>(0 =f(x-\-t)+f(x — t) — 2f(x). 


