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On a unit group generated by special values of Siegel modular functions. II
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1. Introduction. In the preceding paper [1],
we constructed a group of units with full rank for
the ray class field k6 of Q(exp(2πi/5)) modulo 6 us-
ing special values of Siegel modular functions and
circular units. Our work was based on Shimura’s
reciprocity law [3] which describes explicitly the Ga-
lois action on the special values of theta functions
and numerical computation. In this paper, we con-
struct certain units of the ray class field k18 of
Q(exp(2πi/5)) modulo 18.

2. Siegel modular functions. We argue in
a situation similar to [1]. So we explain notations
briefly. We denote as usual by Z, Q, R and C by
the ring of rational integers, the field of rational num-
bers, real numbers and complex numbers, respec-
tively. For a positive integer n, let In be the unit
matrix of dimension n and ζn = exp(2πi/n). Let
S2 be the set of all complex symmetric matrices of
degree 2 with positive definite imaginary parts. For
u ∈ C2, z ∈ S2 and r, s ∈ R2, put as usual

Θ(u, z; r, s)

=
∑

x∈Z2

e

(
1
2

t(x + r)z(x + r) + t(x + r)(u + s)
)

,

where e(ξ) = exp(2πiξ) for ξ ∈ C. Let N be a
positive integer. If we define

Φ(z; r, s; r1, s1) =
2Θ(0, z; r, s)
Θ(0, z; r1, s1)

for r, s, r1, s1 ∈ (1/N)Z2, then Φ(z; r, s; r1, s1) is a
Siegel modular function of level 2N2.

Let Γ1 = Sp(2,Z) = {α ∈ GL4(Z) | tαJα = J},
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where

J =
(

0 −I2

I2 0

)
.

We let every element

α =
(

A B

C D

)

act on S2 by α(z) = (Az+B)(Cz+D)−1 for z ∈ S2.
If α is a matrix in M4(Z) such that tαJα = vJ

and det(α) = v2 with positive integer v prime to
2N2, then there exists a matrix βα in Γ1 with

α ≡
(

I2 0
0 vI2

)
βα (mod 2N2).

We let α act on Φ(z; r, s; r1, s1) by Φα(z; r, s; r1, s1)
= Φ(βα(z) ; r, vs ; r1, vs1). Then Φα is also a Siegel
modular function of level 2N2.

In what follows, we fix ζ = ζ5 and k = Q(ζ).
Let σ be the element of the Galois group G(k/Q)
such that ζσ = ζ2 and define the endomorphism ϕ

of k× by ϕ(a) = a1+σ3
for a ∈ k×. Furthermore put

z0 =
(

ζ2 + ζ4 ζ3

ζ4 + ζ3 ζ

)−1 (−ζ ζ4

−ζ2 ζ3

)

=
1
5

(
2 + ζ − ζ3 − 2ζ4 2− ζ + ζ2 − 2ζ3

2− ζ + ζ2 − 2ζ3 ζ + 2ζ2 − 2ζ3 − ζ4

)
.

We note that z0 is a CM-point associated to a Fer-
mat curve y2 = 1 − x5. For an element ω in the
integer ring Ok of k, let R(ω) ∈ M4(Z) be the
regular representation of ω with respect to the ba-
sis {−ζ, ζ4, ζ2 + ζ4, ζ3}. Then, R(ϕ(ω))z0 = z0,
tR(ϕ(ω))JR(ϕ(ω)) = vJ and det R(ϕ(ω)) = v2,
where v = Nk/Q(ω).

3. Structure of the Galois group. For a
positive integer N , we denote by kN the ray class
field of k modulo N . We explain the structure of
the Galois group G(k18/k) which is needed for our
argument. For a positive integer m, we put Sm =
{a ∈ k×|a ≡ 1 (mod m)} and S̃m = {(a)|a ∈ Sm},
where (a) is the principal ideal of k generated by a.


