
98 Proc. Japan Acad., 74, Ser. A (1998) [Vol. 74(A),

On an identity of theta functions obtained from
*)weight enumerators of linear codes

By Tomoaki MURAYAMA

Kakuda Senior High School, 1 Gyukan Kakuda, Kakuda, Miyagi 981-1505

(Communicated by Shokichi IYANAGA, M. J. A., June 23, 1998)

Abstract: D.P. Maher obtained an identity of theta functions by means of the Lee weight
enumerators of linear codes over finite fields. S. S. Rangachari used it to prove an identity of
theta functions conjectured by S. Ramanujan. In this paper, we consider the linear codes over
finite rings, and give a generalization of Maher’s identity. As an application, we generalize
the result of Rangachari.

1. Introduction. Let a/n and b/n be
rational numbers with lal, Ibl < n, We define the
Jacobi theta function with a characteristic (a/n,
bn) by

O/,/n (Z v)exp{ni(m+a)
mZ ///

b+ 2zci (m + a-if-)n (z + )}
forz C, rE H {z ClImz > 0}.

In [3, p. 54] Ramanujan stated, without
proof, a certain identity involving theta functions.
Rangachari [4] has reformulated and proved this

identity of Ramanujan in terms of the Jacobi theta
functions:

Theorem(Ramanujan’s identity). For n odd,
(n-l)/2, Or/.,o(Z, nv) n Oo,o (z, v)" F(v).

r=-(n-1)/2

For n even,
n/2

with

E Xgr/n,0 (z, nv) ’
r=-n/2+l

0o,o(Z, v)’F(v)

F(v) 2 am exp (rcimv),
m=O

1, a=0(0<j<n-- 1), a_ao
Moreover Rangachari has proved the follow-

ing identity of the theta function of the dual root
lattice An*-1 (For the definition of this function,
see below, cf. e.g. [5]. See also Remark 1.2 be-
low):

Theorem(Rangachari). If n is a prime number
p, then

F(r) OA*_I (p’).
TO prove this theorem, Rangachari has
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essentially used the identity of Maher [2] be-
tween the Jacobi theta functions and theta func-
tions of lattices defined by linear codes. The
identity of Maher is obtained from the Lee weight
enumerators of linear codes over a finite field

Rangachari has also proved that this identity
holds for the case of n 4. He has conjectured
that this identity would hold for any integer n > 1.

In this paper we extend the notion of linear
codes from codes over a field Fp to codes over a
ring Z/mZ(rn > 1), and we define the Lee
weight enumerators of linear codes over Z/mZ.
As a result we extend the identity of Maher, and,
by using this identity, we extend the result of
Rangachari

Theorem 1.1. For any integer n greater than
1, we have

F(z’) I}A:_I(nv).
Remark 1.2. In Rangachari’s paper [4], the

theta function OA;_I (V)= xA;_ qX.X, where
q--exp(rriv), was defined by using Voronoi’s
principal form x’x=p(x,x). On the other
hand, we use the standard Euclidean scalar pro-
duct (x, x). So our result is slightly different
from the result of Rangachari. Indeed, if we de-
note by O A;_ (V)the theta function defined by
Rangachari, we have {A;_I (g’) {A;_I(pZ" ).

2. Preliminaries. A lattice in Rn
is a free

Z-submodule L Ze ... Zen of R" with a
R-independent Z-basis {el, en}. We use the
standard Euclidean scalar product (x, y)=
_,xy of x, y Rn.

Let L be a lattice with basis {e, e.},
and let A be the Gram matrix (( e, e ). Then
we define the determinant detL of L by the deter-


