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Abstract" Let Fq denote the finite field of order q and characteristic p. For f(x) in Fq[x ], let

f* (x, y) denote the substitution polynomial f(x)-f(y). In this paper we show that if
d d-2 d-3f(x) x + aa_zx + aa_ax + at- alX at- ao Fq[x] (ae_zae_ =/: O) has degree d

prime to q and f*(x, y) has at least one cubic irreducible factor, then
f(x) G(x4 + (4aa_z/d)x + (4aa_a/d)x) for some G(x) Fq[x]

or

f(x) H((x + (3aa_z/d)x + 3ae_a/d) r+l) for some H(x) Fq[x]
where r denotes the number of irreducible cubic factors of f*(x, y) of the form x Ty +
Ax+By+ C.

Let Fq denote the finite field of order q and
characteristic p. For f(x) in Fq[x], let f*(x, y)
denote the substitution polynomial f(x) --f(y).
The polynomial f* (x, y) has frequently been
used in questions on the values set of f(x), see
for example Wan [81, Dickson [4], Hayes [71, and
Gomez-Calderon and Madden [61. Recently in [2]
and [3], Cohen and in [1], Acosta and Gomez-Cal-
deron studied the linear and quadratic factors of
f*(x, y). In this paper we consider the irreduci-
ble cubic factors of f* (x, y). We show that if

d-2 d-3f(x) =xa
+a_2x +a_3x + + alx

+ a0 q[x] (a_2a_ =/= 0) has degree d prime
to q and f*(x, y) has at least one cubic irreduci-
ble factor, then

f(x) G(x4 nt- (4a,_2/d)x + (4a,_3/d)x)
for some G( x Fq[x
or

f(x) H((x + (3a_2/d)x + 3a,_/d) r+l)
for some H(x) Fq[x] where r denotes the
number of irreducible cubic factors of f* (x, y)
of the formx Ty + Ax + By + C.

Now we will give a series of lemmas from
which our main result, Theorem 7, will follow.
Proofs for Lemmas 1 and 2 can be found in [5].

d d-1Lemma 1. Letf(x) x -+- ae_lx +
-t-alx -t-ao denote a monic polynomial over Fq
of degree d prime to q. Let the irreducible factor-
ization of f*(x, y) f(x) f(y) be given by

f*(x, L(x,
i=1

Let f(x, y) Z g/j(x, y)
j=0

be the homogeneous decomposition of f (x, y) so
that n/= deg(f(x, y)) and g/j(x, y) is homo-
geneous of degree j. Assume ae_ ae_

ae_r 0 for some r >_ 1. Then

gin,-1 X, y gi,,-z x, y) giR, x, y 0
where

/ n r if n _> r

R
0 ifn/ < r.

d d-1Lemma 2. Letf(x) x + ae_lx +
+ alx + ao be a monic polynomial over Fq of de-
gree d prime to q. Let N be the number of
homogeneous linear factors of f* (x, y)= f (x)
--f(y) over Fqr for some r_> 1. Then, f(x)
g(xN) for some g(x) Fq[x].

Lemma 3. Let d denote a positive divisor of
q- 1. Then

d-r d-r d-1
-/(r-l)

x - = f -/
d d r-1x y /=o dy (x--Ing)

where / denotes a d-th primitive root of unity in

Fq.
Proof. Considering the expressions as

rational functions in x over the rational function
field Fq(y) we obtain

d-r d-r
X --y d-1 A

d d Z
x --y /=ox--fy

for some Ao, A1,..., A_ in Fq(y). Hence,
d-1

d-r d-rx --y H (x--f y)A/,
i=O ji

d-r d-r
/ y) y II y / y)Ai,


