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1. Introduction. Let p be an odd prime. Let g be a primitive root mod-

ulo p and g the least positive residue of g modulo p for every i 20. Let
g- (p- 1)/2 and let -- p cos (2zr /p) + i sin(2zr/p) be a primitive
pth root of unity. For every i -> 0, we put

e,/ -,/ sin 2g+tZrp
g,_ -g, 2gizr

sin P
These are cyclotomic units of Q( + -1) and s,+ si for each i --> 0. Let
Eo be the group of units of Q( + -1) and Ec the subgroup of Eo generated
by cyclotomic units, i.e., Ec (So,el,... ,s,_l). Let ho be the class number

of Q( + -). Then it is well known that h0 [Eo:Ec]. For every i--> 0,
we let c 0 or 1 according as s is positive or negative.

Let L be a real subfield of Q()of degree m. We denote by EL the
group of units of 1_, and by Ec’. the subgroup of Er. generated by the cycloto-
mic units. We let d 0 or 1 by

-/-

d--- c+mj (mod2)
j=0

for every > 0. We note that if L Q( q- -1), then c =di for every -> 0
and that d,+ d for every i >_ 0. We then define the matrix

ML (d+)0. g,-
of degree m. Let PL m- rank,.ML, where F. Z/2Z. Then it is easily

+ E 20’. where +shown that # Ec’./ c’. Ec’. denotes the group of totally positive
units in Ec"..

In this note we shall give a generalization of Theorem 3 in Uchida [5].
That is, we shall prove the following

Theorem. Let and p be two odd primes such that p --= 1 (mod/). Let a >_ 1
be the integer such that 2

a (P- 1)/I. Let K be the imaginary subfield of
Q(p) of degree 2al, Ko the maximal real subfield of K and L the subfield of Ko

of degree I. Let h be the relative class number of K. Let ho and hL be the class

numbers of Ko and L, respectively. Suppose that 2 is a primitive root modulo l.
Then the following are equivalent.

(i) 21h*, (ii) 21ho, (iii) 21hL, (iv) PL-- l-- 1.
2. Lemmas. To prove our theorem, we need the following three lem-

mas.


