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1. Introduction. The main purpose of the present paper is to study
the relation between the Darboux transformation of 2-nd order ordinary
differential operator and the recursion ormula called the Lenard relation.
The Darboux transormation is studied in [1], [3], [4], [5] and [6] or the
1-dimensional SchrSdinger operator and the ordinary differential operator
of Fuchsian type. In this paper we supplement them with the description
of more general aspect of the theory.

2. Darboux transformation. Consider the 2-nd order ordinary dif-
ferential operator L(u)=--u(x), --d/dx, where u(x) is a complex analytic
function defined in a region 9cP. Suppose that u(x) is holomorphic at
x=a e tO and let y(x) (2"=1,2) be the undamental system of solutions of
the differential equation

L(u)y-- y"--u(x)y= O, ’= d/ dx

such that W(y(a), y2(a))=E, where W(f,g)=(f g is the Wronskian
\f gt/

matrix and E is the unit matrix of size 2. For = [" 2] e P, put v(x, )=
(3/x) log (y(x)+2y2(x)) and A.()=3+_v(x, ). Then the factorization L(u)
=A/()A_() follows. On the other hand, put

L*(u ) A_()A ().
L*(u; ) is the 2-nd order ordinary differential operator parametrized by
e P. We call L*(u ) the Darboux transformation of L(u). Put u*(x, )=

u(x)--2(3/x)v(x, ), which is analytic in tg*=9\{zeros of .;x y(x)}, then
L*(u; )=-u*(x, ) follows.

3. Lenard relation. Define the unction Q(x) (n= 1, 2, .) by the
recursion formula

Q ()2Qn+l(x) u’(x)Qn(x) +2u(x)Q(x) 2- "
with Q0(x)=l. It is known that Q(x) are polynomials o u, u’,..., u
with constaat coefficients (cf. [7]). Of course, while an arbitrary constant
appears when we integrate Q’(x) to obtain Q(x) itsel2, we can define
uniquely Qn(X) by putting them zero. Hence we can define the nonlinear
differential operators Z(u) and Xn(U) by Zn(u(x))--2Qn(x) and Xn(U(X))=
2Q(x)=3Z,(u(x)). Then we can rewrite the above recursion formula as

Xn(u)=(2-u +ua-4-a)Z_,(u),
which is called the Lenard relation. Z(u) turns out to be the (2n--2)-th
order differential polynomial. For example, we have


