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Introduction. Kato [5] (cf. Kato-Masuda [8]) proved the Trotter
product formula s-lim_.[e-/e-"/]n=e-(;z)P for the form sum
A 4B of self-adjoint operators A and B which are bounded from below
in a Hilbert space JL Here P is the orthogonal projection of onto
the closure of (]A]/)(]B]m). The purpose of this paper is to
extend this result to prove a product formula for the form sum of
self-adjoint operators which are not necessarily bounded from below.
The product formula obtained involves a "truncation" procedure.

1. Notations and results. First we consider the case of two
operators. Let A and B be self-adjoint operators in a Hilbert space

with spectral families {E(2)} and {E.(2)}, respectively. Let A+ and
A_ be the positive and negative parts of A, i.e. A AE([0, )) 0,
A_= --AE((--, 0))0, and A=A+--A_. Define B+ and B_ similarly
for B.

Assume that (A)c(B) and (B)c(A), and that there
exist constants a0 and 0 1 such that

[A2U[2[U2+B2u]2, U e (B), ( 1 )1/2

Set =(A)(B), and let P be the orthogonal projection of
onto the closure of . Then the quadratic orm

u[[Aui[+iBu[l--[IAui--IBu[, u e , ( 2 )
is bounded from below and closed. The form sum of A and B is de-
fined as the self-adjoint operator in the Hilbert space associated
with (2) and denoted by A 4 B.

For each 0<r, (r) is the class of bounded real-valued
functions h(t, ) on [0, r)R satisfying the following conditions"

( ) for each fixed , h(t, ) is continuous in t at t=0 with
h(0, )= 1, (O/Ot)h(O, )= --;

(ii) for each fixed t, h(t, ) is Borel measurable in with
lh(t, 2) for 2<0, h(t, 0)=1 and 0h(t, 2)l for >0;

(iii) there is a constant M such that [1-h(t, )]Mtl2l, 0t<r,
2eR.

The main result is the following product formula.
Theorem 1. Let f(t, ) and g(t, ) be in () for some 0<r,

and assume that there exists a constant z> 1 such that


