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On Sufficient Conditions for the Boundedness o
Pseudo.Differential Operators

By Tosinobu MURAMATU*) and Michihiro NAGASE**)
(Communicated by K,6saku YOSIDA, M. g.A., Oct. 12, 1979)

We report here that pseudo-differential operators are bounded in
L, lpoo, i some considerably weak conditions on the smoothness
of their symbols are satisfied.

1. Notations. If x--(x, ..., x,,) is a point in the n-dimensional
Euclidean space R, and =(,...,) a multi-index, then we write
x=x .x, a=a,,.., axe, a, a/ax,, xl=(x+...+x)
+lxl)/, lal=a+" +a. We denote by the difference operator, and
adopt the ollowing conventions’

a(x, , x’)=a(x+ y, , x’)-a(x, , x’),
a(x, , x’)=a(x, +, x’)-a(x, , x’),
,a(x, , x’)=a(x, , x’+ y’)-a(x, , x’).

Let a(x, , x’) be a symbol, that is, a continuous function of (x, , x’)
in R. If m isa non-negative integer, and 01, we define

Ila]l= sup a(x, ,
x, ,x’,lalm

]al+= sup ]A,a(x,

If t and are posiive numbers, we define

w.(a t)= sup 1lAva(x,
lYlt

(a t)= sup ]l.a(x, , x’)II..
ly’lt

’(a; t)It is easy to find that Ila I.c lall., .(a; t)gcw(a; t),
g co’.(a, t) if a< r, where c is a constant independent of a and t.

2. Main results. Our main results are stated as follows"
Theorem 1. If a symbol a(x, ) satisfies the conditions
(a) a I]. is finite, and
(b) w.(a; t) e L (=L([0, 1], t-dt))

for some a>n/2, then the pseudo-differential operator a(X,D) is
bounded in L2(R).

If a symbol a(, x’) satisfies the conditions (a) and
(b’) w(a; t) e L

for some a>n/2, then the pseudo-dierential operator a(Dz, X’) is

*) Institute of Mathematics, University of Tukuba, Ibaraki 300-31.
**) Department of Mathematics, College of General Education, Osaka Uni-

versity, Osaka 560.


