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A subsemigroup B of the direct product B B2 ... B of bands
(i.e. idempotent semigroups) B1, B2,..., Bn is called a subdirect prod-
uct of B, B,..., B if every i,

where , is the i-th projection of BB.... B.
Let 9,,...,9L be congruences on a band S. Then the set

S*=[(91(a), 9.(a),..., 9,(a)): aS}, where each 9 is the natural homo-
morphism of S to S/9t,, becomes a subdireet product of S/t, S/,.,...,
S/9,. Such S* is called the natural representation of S induced by
,,’",L, and denoted by S/9oS/gL.o...oS/9. Especially, it
has been shown by Birkhoff [1 that if f. f }t-- 0," then
S/9toS/9L.o...oS/9 is an isomorphic representation of S.

Another important type of subdireet product, which is often used
in the study of bands, is spined product introduced by Kimura [2:

Let S, S,..., Sn be bands having F as their structure semilattices.
And let , :S,-.X[S(:I’], for each i with lin, be the structure
decomposition of S,.) Then, the set S= [3 [S: S. ... SJ:re F} be-
comes a subdirect product of S, $2,..., S. Such S is called the spined
product of S, $2,..., Sn with respect to I’, and denoted by SIS.
..S ().

The main purpose of this paper is to present the following rep-
resentation theorem which clarifies the relation between such two
special kinds of subclirect product.

Theorem. Let S be a band, and ’:S---2,’{Sr :yeI’} its structure
decomposition. Let , 9L.,..., , n2, be congruences on S.

If , ,. ., satisfy

1) The ordering in the set 9 of all congruences on S is as follows" For , e 9,
92 if and only if for x, y e S x y implies x y. The element 0 will denote the
least element of in the sense of this ordering.

2) Let S be a band. Then, there exist a semilattice /" and a disjoint family of
rectangular subsemigroups of S indexed by /’, {Sr" re/’}, such that

S= U {S" re/’}
and SSS for , e

(see McLean [3]). In this case /" is determined uniquely up to isomorphism, and called
the structure semilattice of S. Further this decomposition, say ), gives a congruence
called the structure decomposition of S and denoted by


