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147. On the Point Spectrum of the Schrodinger Operator

By Sigeru MizoHATA and Kiyoshi MOCHIZUKI
(Comm. by Kinjir6 KUNUGI, M.J.A., Nov. 12, 1963)

1. Introduction. Let us consider the Schrodinger operator defined
in R®
3
(L) L=% (———b,(w)) +4(@)
=—A+2i3] b +7«Z ab’ +c(w),

where b,(x) and ¢(x) are real-valued. Our purpose is to show that, under
certain conditions on b, and ¢, the point spectrum of the operator L
is finite.

Let us assume®

(C))  bx)e B(R), c(x)eE(Co), |e(x)] <—cﬁ+const e>0.

- 1.5-s

Under this assumption, it is easy to see #]

Lemma 1.1. The operator L has a unique self-adjoint exten-
ston A, and D(A)= 9%z, moreover we have
(1.2) () 33 < CC ]
for any eigenfunction (A—Ayu=0 for 1<4, A being arbitrary posi-
tive number.

In section 2, we require more stringent condition:

(C)  b(x)eCHRY); by(x), |w|gb_f(ac) are bounded; c¢(x)e&'(Co);
Iw‘ ‘ ac

Then, under the assumptlons (C,) and (C,), we have
Lemma 1.2. Let u(x)e 93 be a solution of Au=2u, 2 real. We

have w(x)eEo(C0). Moreover, in a meighbourhood of the origin,
we have

|u(x)|<const, |u,(x)] Sl—c'g‘;—lzsir’ |

const
|1 S

————+const, &>0.

const
xi.l‘j(x) l < l |2 M

2. Upper boundedness of the eigenvalues.
Theorem 1. Under the assumptions (C,), (C,), there exists a 1,>0

1) In this note, we used the notations of L. Schwartz in his treatise (Théorie des
Distributions). Let us explain these briefly: f(x)€ $™, if f(x) has continuous bounded
derivatives up to order m. f(x)e &™), if f is merely continuously differentiable in 2
up to order m. D7, is the space of all functions such that D feL*R™), |v|<m,
Il fllzb[":lu;;m” D*fl|%s. E7(R) is the space of all functions such that D*f(x)e LX),

IvI<m, with the norm: ( 33 DS |2acon?.  F€ERnD), if afeCn(f), for all
o(z) € D).



