178 Proc. Japan Acad., 43 (1967) [Vol. 43,

41. Integration with Respect to the
Generalized Measure. 1

By Masahiro TAKAHASHI
Department of Mathematics, Nara Medical College

(Comm. by Kinjir6 KUNUGI, M.J.A., March 13, 1967)

1. Introduction. In this paper, we are going to deal with
the integration theory with respect to the topological-additive-group-
valued measure [1].

Let M be a set and S a ring of subsets of M (S is a ring in
the algebraic sense,” of which each element is an idempotent). Let
¢ be a measure [1] defined on S taking values in a topological ad-
ditive group G.

Let K be a topological additive group and let & be the additive
group of all K-valued functions defined on M (the sum of two func-
tions in & is defined in the usual way).

For Xe S and fe <, let us denote by Xf the function in & such
that

_Jf(x) if xzelX,
(Xf )(“’)_{o if veM—X.
Then each X €S operates as a homomorphism on the group &. We
further assume that & is a topological group with some topology
such that each X e operates as a continuous map on .

Let J be a topological additive group and suppose that a map
of GX K into J, denoting by g-k the image of (g9,k),9e€G, ke K, is
defined, satisfying the conditions:

1) (9+9)-k=g9-k+9' -k,

2) g-(k+k)=9-k+g-¥F,
for each g,¢’'e G and k, k' c K.

As an illustration, suppose that M is the real line and G=K=J
is the topological ring of all real numbers. Let S be the pseudo-
o-ring [1] of measure”-finite Lebesgue measurable sets and g the
Lebesgue measure on S (strictly, its restriction on S). Now we can
consider & as a topological additive group introducing the topology
in such a way that a sequence of functions in & converges in the
space & if and only if the sequence uniformely converges as a fune-
tional sequence. Then, each X €S operates as a continuous homo-
morphism of & into itself.

1) X+Y=X-Y)U(Y—X),XY=XNnY for each X, YES.
2) Lebesgue measure.



