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Generalizations of the Alaoglu Theorem with
Applications to Approximation Theory. II

By Yasuhiko IKEBE
(Comm. by Kinjir5 KUNUGI, M. $. A., June 12, 1968)

We will use the same notations as those in Part I.
7. Theorem. Let El, ..., E, E, F, X, and Q have the same

meaning as in Theorem 3. Let
Y={[x, ..., x] I, I_< 1, i- 1, ..., n, [x, ..., x] X}
Z,-{[yl, ..., y,_, 2y,+(1-2)y, ..., y]. 0_2_1,

[y, ..., y_, y, y+, ..., y] e Y
[y, ..., y_, y, y+, ..., y] e Y}
[X]= U{Z," i=l, ..., n}.

Suppose that 0 lies in the interior of the closure of [X]"
(C) 0 e int [X].
Then, for each k>_0, the set {A e b(E, F)" IIA-QIIx_k}=S is a-com-
pact and a-closed.

Proof. The proof is very similar to that of Theorem 3. Thus,
for all x e X and all A e S,

This inequality is valid if x ranges over the sets X, Y, Z (i-1, ..., n)
[X] and, by continuity, X]. By Condition (C) the set contains an
open sphere with radius 2r0. Then, or each y e E,

It follows that

Y

where the product on the right is compact in the product topology.
By arguments similar to those in the proof of Theorem 3, we can
easily show that any net in S has a subnet which converges in the
a-topology to an element of S, thus proving that S is a-compact.
Since a net in b(E, F) converges to at most one limit in the a-topology,
the space is Hausdorff. Consequently, the a-compactness implies the
a-closedness.

8. Corollary. Let El and E. be normed linear spaces. Let X
be a subset of E1 such that 0 lies in the interior of the closed convex
balanced extension of XI. Let Q be a set-valued bounded map of X
into the dual space E* of E.. Then, Q has a best approximation in
any v-closed subset of B(E1, E*).


