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84. Application of Mean Ergodic Theorem
to the Problems of Markoff’s Process.

By Koésaku YosmA and Shizuo KAKUTANI
Mathematical Institute, Osaka Imperial University.
(Comm. by T. TAKAGI, M.LA., Nov. 12, 1938.)

§1. Two supplements to the Mean Ergodic Theorem.

Mean FErgodic Theorem. Let B be a (real or complex) Banach
space, and denote by T a linear operator which maps B in itself. If
(1) there exists a constant C such that | T*| < C for n=1,2,...,

and

@ {for any xeB the sequence x,.=%(T+T2+---+T”)x (n=1,

2, ...) 1s weakly compact in B,
then
there exists a linear operator Ty, which maps B in itself, such

8) { that h_)rg% (T+T%+--- 4+ T™x= T strongly for any x B, and

TT=N\T=T%=T..

T; is a projection operator which maps B on the proper space B,
of T belonging to the proper value 1. Because of (1), (2) is surely
satisfied if T is weakly completely continuous, viz., if T maps the unit
sphere 2] <1 of B on a point set weakly compact in B. These re-
sults were obtained in our previous notes.” We now prove the

Theorem 1. (2) and hence (8) hold good if T satisfies (1) and if

there exist an integer k and a weakly completely continuous

() { linear operator V, which maps B in itself, such that
T*—V|<1.

Proof ® It is sufficient to prove the case k=1. Put |T—V|=

a<<1l and ac,.,,,=;1;(T+T2+---+T”)x (n,p=1,2,...). We have TP=

Vo+D,, where V,=T?—(T—V)? is weakly completely continuous with
Vi=V and |D,1<a”. Hence 2,=%n p+T"%n np=2%n o+ ViTn np+
Dyxn n—p Since | @n,n—pl = C-lzl for n=1,2, ..., there exists (for each
p) a subsequence {n’} of {n} such that {V, 2., ._,} converges weakly
to a point y,eB. Consequently we have (since 1}1_)!{,1° | f @, ) |=0)

(4) ﬁlf (xn’) —f (yp) l ._S_’},iinwlf (xn’. p) |
+}£lw|f(Dpxn’.n'—p) [ <a-Ifl-C-lxl

for any linear functional f on B.
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