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60. On One-parameter Groups of Operators.
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(Comm. by M. FUJIWARA, M.LA., July 12, 1940.)

1. Theorem. Let E be a separable Banach space, and let {U.},
(— o <t<< o) be a one-parameter group of operators on E to E such
that: () | U;l=1, (2) U.U,= U, for any t,s, (3) f(Ux) is measur-
able in t for every xzeE and for every feE. Then there exist the
operators R, (resolvents) and A, which satisfy the following properties:
(1) R, is defined for every complex number 2, with J,.(z) 30,
(2) R, is a bounded, linear operator on E to E, and |R,|
< 1
T | @) ]

3) (:—7?) R,R,=R,—R,, for every z 2 with 5,()X0,
Fnl?) 0,

(4) R,x=0 implies =0, for any z;

(5) A is a closed linear oparator on E to E, whose domain
D(A) is dense in E, and

(A—zI)-R.=1I, ,,(A——zI)=I (in D(4)),
(6) For any xeD(A), ILO U‘ x=A-x.

We will prove these results, followmg the method of M. H. Stone.”
Recently similar facts were obtained by I. Gelfand.”? But the method

is completely different from ours.
2. Proof: Let ¢(r;2) be defined by

peia)=o " e (fm(z)#O)

—e A2
={° T>O(.7m(z)>0) ={ W >0 o (a0 <0).
e 0
Then
3 1 — * . iAt
(1) 5 =[ #esa)eae,

(i) =) gle; Dglo—c; D)de=hlo; D= (o3 2)

(ifi) ¢(c; 2)=¢(—r;2).
We define FI(f) by
F(N=|"te; f Uade, feB, weE and Fn(a) %0.
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