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3. On an Extension of Bloch’s Theorem.
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(Comm. by S. KAKEYA, M.I.A., April 13, 1942.)

Though the following extension of Bloch’s theorem is an immediate
consequence of a general theorem due to L. Ahlfors), it will not be of
no interest to prove it directly, by modifying Landau’s proof-) of Bloch’s
theorem.

Theorem. Let w=f(z)=z+.., be meromorphic in zll and K
be the Riemann sphere of diameter 1, which touches the w.plane at
w=O and F be the Riemann surface of the inverse function (w) of
w=f(z), spread upon K. Then F contains a schlicht circle of radius

d O, where d is a numerical constant.
Proof. We put

Max.
[zll l+lf(z)[-(1-1zl)=M’ (1)

then, sinee f()=+... is meromorphic in ]t 1, 1 M<: oo.

Let l+if(zo)l(1-lzo])=i, then

By Z= z-zo, f(z) beeomes F(Z), so that
1

1 -) (1 -I Z ) 1W lf(z) ’ (1 -] z ]) g M, (2)

F(O) =Me (3)
1 +iF(0)I

We rotate K so that F(O)-f(zo) beeomes w--O, then

G(Z) e- F(Z)-F(0) =MZ+I+R(0)F(Z)
is meromorphic in Z] 1. Since

]G’(Z)[ F’(Z) M
1 +l G(Z) 1 +l F(Z)1 1-I Z

we have by integrating along a radius of ZI 1,
z G’(Z) M 1+]
o I+IG(Z) dZl __--< log

1-1zl
(4)
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