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§ 1. Let us consider letters x, ,
TCi, ».., xn placed in a row permitting

repetition, for example, XtX?XΪX hX 'Xt..
Such a form is called a monomial of

.».,
etc.

and is denoted by Kt,, », ,
3C

n
) etc. If x, ,

 β
.
β
, χ

Λ
 are

adopted as elements of a semigroup T »
then i Cx, , * , χ

h
) represents a product

of elements in "f * Suppose that a
semigroup T fulfils a suitable system
of equal it iess

for all x,, .- ,X
n
*T,

where X, ,
 βββ
, x

h
 vary independently

and each side of the equalities needs
not contain all of letters αc.

 9
 ...

f

OC«, but letters appearing in both
sides are χ

v
 , ..., x^ for example ̂

fι(x,»> = χy , g,(x,j)~x . Then T
is called a semigroup with monomial
conditions f

λ
-g\ , λeJV Of course

a one-element semigroup {x} is one of
this kind.
In this short note, we shall prove the
existence of greatest decomposition of
a semigroup & to a semigroup T with

"ίx = Sx 9 ̂
6
A $ which turns out to be

an expansion of the theorem in the
previous paper [1] »

§ 2. Now let D be all decompositions
of S to a semigroup T with f

x
 = S

K
 »

λ*Λ » and i be a congruence re-
lation arising dUp

 θ
 The following

lemma is clear®

Lemma l i is a congruence re-
lation arising a decomposition dL of
S to a semigroup T with -(\ = g

K
 »

λ^Λ , if and only if
(1) xάx ,
(2) x a. j implies ̂ x ,
(3) χ4, implies χ £ % and

Theorem^ D is a complete lattice
 β

Proof® We define ά«>d
p
 to mean

that X^4 implies xjt^ .
Then T) is a partly ordered set and
D contains a least element, ioβ® a
mapping of all elements of S into one
class , In order to verify that. χ> is
a complete lattice, it is sufficient

to show that any subset !>' of P has
a least upper bound in D [21 * Now we
define X ̂ to mean x-i-V ̂  all
d.e"D' « Since every ̂  is a congru-

ence relation, it is proved easily
that ̂  is also so, that is, (l)
•x^x , (2)x^lJ implies a iι>x ,
(3) x-i/ϊ implies xz,̂ j2, and 2x^25 .
Moreover f̂ Cx.,̂  x«)-4ί/g

λ
(χ,,x»

/
 -,Xn)

because ί
λ
(x.,Xα, - ,xoA SxCx.,x», ••'X«)

for all dLe-D
7

 β
 Obviously x̂ !/̂  implies

XΛ '* for all d€ D7 i hence a decompo-
sition du is an upper bound of Dx .
Let d.', be any upper bound of D'

 θ

Then x^J implies x^^ for all l^p'
so that 'X-i/jj , that is to say, iί^ί

t
 |

ά» is a least upper bound of D
1
 ©

Thus the proof of the theorem has been
completed® Accordingly we have

Corollarye There is a greatest
decomposition of a semigroup β to a
semigroup y with i\==gγ » λeA

§ 3 * we shall give several important
examples of T ©

l Left singular semigroup, i
β
©

β

a semigroup satisfying xj^x ^

Right singular semigroup, i
Θ
e

β
 a

semigroup satisfying ,

2
e
 Gomrautat5»ve semigroup^


