J. Math. Soc. Japan
Vol. 21, No. 2, 1969

Fractional powers of operators, III
Negative powers
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This is a continuation of the author’s work on fractional powers of opera-
tors A in a Banach space X whose resolvent (1+A)~' exists for 2>0 and
satisfies |A(A-+A)"Y| < M < o0, 0 < A<oo. This part deals with fractional powers
A% of exponent o with negative real part, and their relationship with inter-
polation spaces of X and the range R(A™). A unified discussion of mean
ergodic theorems is also given, which may be regarded as the theory of A~°.

We use the same notations as in [2] and [3] throughout this paper. In
particular, A stands for a closed linear operator in a Banach space X such
that (0, co) is contained in the resolvent set of —A and that

2@+ =M, 0<2<oo.

Such an operator A will be called non-negative. The negatives of the infin-
itesimal generators of bounded continuous semi-groups are non-negative.

When we discussed the basic properties of fractional powers A%, a =C, of
non-negative operators A in [27, the following generalization of abelian ergodic
theorem played an important role:

(A+A)-*x has the asymptotic expansion
AFA)x=2"1x— 2 2x, 4 - (=D " x40 ™Y as A—oo
(= Aoty F Xy —AX oy o (=D 122 1% £ o(A*1) as 1—0)

if and only if xe D(A" and A"x< D(A) (x=x,+A"x_, with x, = N(A) and
x-n € D(A™ N R(A), respectively).

Also important were the subspaces D’ (and R°) of X composed of elements
x for which the remainder in the above expansion has the order O(1-""1)
(O(2°-1) and x, =0, respectively).

In view of the above theorem, D’ seems to give an interpolation space.
Actually we proved in [3] that D’ coincides with the mean interpolation space
S(c0, 0/m, X ; 00, a/m—1, D(A™) of Lions-Peetre [6] if ¢ is not an integer and
m is an integer greater then ¢ >0. We also obtained a related characteriza-
tion of elements x in the interpolation space Dy =S(p, o/m, X; p, 6/m—1, D(A™))
for 1<p=<oo or p=oco— in terms of (A-+A)"™x. ((A+A)"™x is more convenient



