HOMOLOGY GROUPS IN CLASS FIELD THEORY

SHuicHr TAKAHASHI
(Riceived December 15, 1952)

Recently, J. Tate has given an interesting theorem that the higher
dimensional cohomology groups H'(G,A) occurring in class field theory,
i.e. A: the multiplicative group of nonzero elements in a p-adic field or
the idéle class group in an algebraic number field, G: the galois group,
are canonically isomorphic to the integral cohomology groups H" %G, Z)
for every r >2. It was stated, without details. that one can introduce
negative dimensional cohomology groups and the isomorphisms:

H%G,Z)= H(G,A)
are valied for every dimensions. Moreover, the isomorphism

H-%G,Z)= HYG, A)
from H-XG, Z) = commutator factor group of G, to HYG, A) = idéle norm
residue class group, is the reciprocity law mapping.

I shall show in this note that if we put
H"(G,A) = H,«(G, A) (r=1,2,....)

where H,_ (G, A) is the (r — 1)-dimensional homology group, then all
statements of Tate hold. Moreover, the isomorphism

H3G,Z)= HG,A)
is the isomorphism theorem of H.Kuniyoshi? in the theory of T.Tannaka®
concerning the “Haupt geschlechissatz im Minimalen’.

1. Let G be a finite group, A a G-module, we now define boundary
and coboundary operators 9, 8§ for the module of g-chains® C, (G, A) of G
with value in A :

Of (T, Xpmn) = &7 (%, Xy - Kgm)
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4) q-chain is a function of ¢-variable in G to A; therefore identical with ¢-cochain.
For infinite group G, one must restrict the function to the class that are = 0 only
for some finite systems (z;, --,2y) of elements in Q.



