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In [7] Turumaru introduced the notion of the direct product of C*-algebras.
Let A,(OU, be the algebraic direct product of two C*-algebras U, and %,. Then
A,OU, becomes a *-algebra under the natural algebraic operations. Turumaru’s

ras
C*-direct product %, ®.%, is given as the completion of U,(DU, under the norm
given by
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> a,:®as; € U OU,, where @, @, run over the set of all states of U, A, and
i=1
> x,;@x,; runs over U,(OU;. Let us call this norm 7-cross norm. Then
J=1
T-cross norm has the following property: If o, and 7, are representations of U,
and U, to Hilbert spaces $, and £, respectively, then the naturally defined
product representation m; @, of U,(DU, to the product Hilbert space 9, R9,
is continuous with respect to 7’-cross norm, so that 7 ,®w, can be extented to
the representation of 911(22)\“% which is also denoted by 7 ®,. Besides, if o, and
a, are faithful then = ®r, becomes faithful. Hence T-cross norm is very natural
norm of A,(OU,. But it is another matter whether or not 7™-cross norm is unique
compatible norm of %,(O)¥,, where a norm 8 of A,(DU, is called compatible to the
algebraic structure of A,(OY, if the completion of U,(DU, by B becomes a C*-algebra
and |z, @zl =zl « llx,] for £, € U, and x, € A,. In the present note we
shall answer for this question that 7-cross norm is smallest among the compat-
ible norms and that 7T-cross norm is unique in %,(O¥, for C*-algebra U, of
certain class but it is not so in general. So we say that C*-algebra «U; has the
property (7T if the following is true;

(T): For every C*-algebra ¥, T-cross norm of A,(OU, is the unique comp-
atible norm.

LEMMA 1. If w is a *-representation of W,(DU, to a Hilbert space £ which



