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1. Introduction. Let (S? h) be a 2-dimensional sphere with metric
h, and let Ay =0 <\, = N(h) <\, < --- be eigenvalues of the Laplacian
4 on (S?% h) acting on smooth functions. J. Hersch [3] showed that

(*) /N + 1/n, + 1/N = (8/87)Vol(S?, k)
holds, and in particular
() M(h)VoI(S?, h) < 8,

where Vol(S? h) denotes the volume of S® with respeet to 2. Equality
in (*) or (xx) holds if and only if h is a constant curvature metric.

M. Berger [1] showed that (x) cannot be generalized for (S™, h), m=3.
With respect to (xx), M. Berger [1] posed a problem: Let M be a
compact smooth manifold; then does there exist a constant k(M) depend-
ing only on M such that the first eigenvalue M\,(h) of the Laplacian
satisfies

(%) M(R)VOl(M, h)™ < k(M)

for any Riemannian metric A?

H. Urakawa [5] showed the following: Let G be a compact connect-
ed Lie group with a non-trivial commutator subgroup; then there exists
a family of left invariant Riemannian metrics g(¢) (0 < t < ) on G such
that

M(g(E) > = a8 oo,
M(g(t) — 0 as t—0
and Vol(G, ¢g(t)) = constant. In particular, since SU(2) is diffeomorphic

to S?, there exists no constant k(S®) for a 3-dimensional sphere S* such
that (x+x) holds.

The purpose of this paper is to prove that for any odd dimensional
sphere S***' there exists no constant %(S*"*') such that (xxx) holds.
Namely we show the following.

(k)

THEOREM. Any odd dimensional sphere S*™,m=1, admits a
family of Riemannian metrics g(t) (0 <t < o) such that the first



