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GÖDEL AND SET THEORY

AKIHIRO KANAMORI

Kurt Gödel (1906–1978) with his work on the constructible universe L
established the relative consistency of the Axiom of Choice (AC) and the
Continuum Hypothesis (CH). More broadly, he ensured the ascendancy of
first-order logic as the framework and a matter of method for set theory and
secured the cumulative hierarchy view of the universe of sets. Gödel thereby
transformed set theory and launched it with structured subject matter and
specific methods of proof. In later years Gödel worked on a variety of set-
theoretic constructions and speculated about how problemsmight be settled
with new axioms. We here chronicle this development from the point of
view of the evolution of set theory as a field of mathematics. Much has been
written, of course, about Gödel’s work in set theory, from textbook exposi-
tions to the introductory notes to his collected papers. The present account
presents an integrated view of the historical and mathematical development
as supported by his recently published lectures and correspondence. Beyond
the surface of things we delve deeper into the mathematics. What emerges
are the roots and anticipations in work of Russell and Hilbert, and most
prominently the sustained motif of truth as formalizable in the “next higher
system”. We especially work at bringing out how transforming Gödel’s work
was for set theory. It is difficult now to see what conceptual and technical dis-
tance Gödel had to cover and how dramatic his re-orientation of set theory
was. What he brought into set theory may nowadays seem easily explicated,
but only because we have assimilated his work as integral to the subject.
Much has also been written about Gödel’s philosophical views about sets
and his wider philosophical outlook, and while these may have larger sig-
nificance, we keep the focus on the motivations and development of Gödel’s
actual mathematical constructions and contributions to set theory. Leaving
his “concept of set” alone, we draw out how in fact he had strong mathe-
matical instincts and initiatives, especially as seen in his last, 1970 attempt
at the continuum problem.
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