REPRESENTATIONS OF INTEGRAL RELATION ALGEBRAS
Ralph McKenzie

The main object of this note is to prove the following theorem.

The class of relation algebras that possess vepresentations over a grvoup is not
finitely axiomatizable velative to the class of rvepresentable, integral relation alge-
bras.

Previously it was not known whether the two classes are distinct. (The question
had been stated as an open problem in [2].) To prove the theorem, we shall define
and study an intermediate class of relation algebras. Roger Lyndon suggested an
appropriate generic name for these algebras: permutational. An algebra will be
called permutational if one of its representations admits a transitive group of auto-
morphisms. Probably the most important unsolved problem related to our work is
the question whether every representable, integral relation algebra is permutational.
We shall strengthen some results of R. C. Lydon’s paper [5] to obtain a negative
solution of this problem under the assumption that there exists a finite projective
plane whose order is not a power of a prime integer.

The final section contains the presentation of a nonrepresentable relation alge-
bra having the smallest possible size.

The author is indebted to the referee for the correction of several inaccuracies.

1. PRELIMINARIES

A relation algebra is a universal algebra of the type %A'= <A, +, -, -, 3, 1’>
that satisfies certain postulates due to Tarski (see for example [3, Definition 4.1]):
<A, +, -, - ) is a Boolean algebra, the formulae

x;y);z=x;(y;z) and x;1’=1;x=xXx
hold for all x, y, z € A, and the formulae
(x;y)-z=0, (xv;z)'y=0, (z;y¥)x=0

are equivalent for all x, y, z € A. We use the symbols 0 and 1 to denote the
Boolean null and unit element of %. A relation algebra is 7epresentable if it is
isomorphic to an algebra ® = (D, U, N, ~, | , Y, I), where, for some set X,

< D, u,n, ~ ) is a Boolean algebra of subsets of X X X (whose unit set is not
necessarily equal to X X X), where I is the identity relation on X, and where for any
R and S belonging to D, R] S is the relative product of R and S and R" is the
converse of R. A representation of 9% over the set X is a pair ( D, ¢>, where ®
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