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A THEOREM ON RECURSIVELY ENUMERABLE
VECTOR SPACES

RICHARD GUHL

This paper* is based on [1] and [2], but since we study only roe. spaces,
we prefer an exposition which is almost self-contained. Let F be a
countable field for which there is a one-to-one mapping φ from F onto a
recursive subset of ε = (0, 1, . . .) such that: 0(OF) = 0, φ(lF) = 1, +F and . F

correspond to partial recursive functions, φ(F) = (0, . . ., q - 1), if card(F) =
q and φ(F) = ε, if cαrd(JP) = 80 We write toF for the vector space over F
which consists of all sequences of field elements with at most finitely many
nonzero components, together with component-wise addition and scalar
multiplication. Put

(1) Hxn} = Upnφ(Xn)- h tor{xn}etop,

where p0 = 2, pn = the n'th odd prime, k anyjiumber such that xn = 0F, for
n > k. Then Φ maps &>Fonto a vector space UF = [εF, +, •]> where εF is an
infinite recursive set and + and are partial recursive functions. Note that
the ordinary number 0 is also the zero element of UF. Set en = pn - 1,
η = teo? eu . . .), then η is an infinite recursive basis of UF, hence
dim(Z7F) = tf0. The word "space" will be used in the sense of "subspace of
UP". A space 7= [a, +, •] is called r.e., if the set a is r.e., recursive, if
V is r.e. and has at least one r.e. complementary space, decidable, if a is a
recursive set, i.e., if both a and εF - a are r.e.

The purpose of this paper is to examine the relationship between (I) V
is a recursive space, and (II) V is a decidable space. We shall prove:

(a) if F is finite, (I) <N> (Π),
(b) if F is infinite, (I) =̂> (II), but not conversely.

A linearly independent subset of εF is called a repere. According to
[l], p. 2, there is an effective procedure which enables us to decide for any

*This paper was written under Dr. J. C. E. Dekker.
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