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Terminology and notation. Let Sy be the set of wffs built up in the usual
way from denumerably many letters p,, p,, . . . and finitely many connec-
tives F,, ..., F, (each F; a k;-place connective for some positive integer
k;): letters are wffs, and F;a, ... is a wif if a;, ..., a;, are wifs. A
rule of inference is an s-tuple of wffs; and a set of wffs T is closed under a
rule of inference (B,, ..., Bs-1, Bs) just in case y,e T whenever Vis o o o s
vs-1, vs result from By, ..., Bs-;, Bs, respectively, by a uniform substitu-
tion of wifs for letters, and y,, . . ., ys-1€T.

P=(T,A,R,,...,R,) is a sentential calculus if and only if A, the set
of axioms of P, is a set of wifs, R,, . . . , R, are rules of inference, and T,
the set of theorems of P, is the least set containing A and closed under
substitution and eachof Ry, ..., R,. (Where v =0, T is simply the set of
substitution instances of members of A.) For each such P define an
equivalence relation, =p, on Sy, by letting o =p 8 just in case replacement
of zero or more occurrences of a by B in each wif in T (respectively, not in
T) results in a wif in T (respectively, not in 7). For aeS C Sy, let [a] =p|s
be the set of 8’s in S such that a =, 8 and let S/= be the set of [a] =p|s’S
such that ae S.

m=(v, D, fi, ...,fn) is a matrixif and only if V is a non-empty set,
D CV,and each f; is a k;-ary operation in V. A function z: Sy, — Visa
value function of M just in case h(Fa; . .. &) = fi(Way), . . ., k) for
allay, .. ., oy € SNo’ and o is an M-fautology just in case (a)e D for every
value function % of M. We denote the set of M-tautologies by ‘E(M)’.
Where M =(V, D, fi, .. .,fnyand M' ={V', D', ', ..., f." are matrices
the matrix M x M' =(Vx V', Dx D", %, ..., fX), where f X, v:%, . . .,
(v, v, = filws, « « ., »), fi'(w!, ..., 0", is called the product of M
and M'. Evidently (cf. [5]), E(MM x M') = E(M) N E(M').

The matrix M =(V, D, f,, . . . ,f,) is a model of the sentential calculus
P=(T,A,R,...,R,)if TCE(M) and for each value function % of M and
each rule (B8,, . .., By, By Of P, if 2(B,), . . . , W(Bs-1) € D then K(B)eD. If
M is a model of P with E(M) = T, we call M a characteristic matrix for P.

For each set of letters L we let S; be the set of wffs in which the only
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