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SOLUTION OF VOLTERRA INTEGRO-
DIFFERENTIAL EQUATIONS WITH GENERALIZED
MITTAG-LEFFLER FUNCTION IN THE KERNELS

ANATOLY A. KILBAS, MEGUMI SAIGO AND R.K. SAXENA

ABSTRACT. The present paper is intended for the inves-
tigation of the integro-differential equation of the form

(∗) (Dα
a+y)(x) = λ

∫ x

a

(x − t)µ−1Eγ
ρ,µ[ω(x − t)ρ]y(t) dt + f(x),

a < x � b,

with complex α, ρ, µ, γ and ω (Re (α),Re (ρ),Re (µ)>0) in the
space of summable functions L(a, b) on a finite interval [a, b]
of the real axis. Here Dα

a+ is the operator of the Riemann-

Liouville fractional derivative of complex order α (Re (α) > 0)
and Eγ

ρ,µ(z) is the function defined by

Eγ
ρ,µ(z) =

∞∑
k=0

(γ)k

Γ(ρk + µ)

zk

k!
,

where, when γ = 1, E1
ρ,µ(z) coincides with the classical

Mittag-Leffler function Eρ,µ(z), and in particular E1,1(z) =
ez . Thus, when f(x) ≡ 0, a = 0, α = 1, µ = 1, γ = 0, ρ = 1,
λ = −iπg, ω = iν, g and ν are real numbers, the equation (∗)
describes the unsaturated behavior of the free electron laser.
The Cauchy-type problem for the above integro-differential
equation is considered. It is proved that such a problem is
equivalent to the Volterra integral equation of the second kind,
and its solution in closed form is established. Special cases are
investigated.

1. Introduction. It is well known that solutions of integro-
differential equations of Volterra type can be obtained as solutions of
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