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ON THE CLIFFORD-LITTLEWOOD-ECKMANN GROUPS:
A NEW LOOK AT PERIODICITY mod 8

T.Y. LAM(*) AND TARA SMITH

1. The Groups Gg¢: an historical survey. For any pair of non-
negative integers s and ¢, let G, denote the group generated by the
symbols €, ay,...,as, b1,...,b; with the following relations:

(1) e€=1, a? =€ (Vi), bf =1, Vj,
(2) a,;b',- = ebja,;, Vi,j,
(1.1) (3) aia; =eaja;, i# 7],
(4) bib]' = €bjbi, 7 7é j,
(5) ebj = bje, V.

Here, the relations in (5) are needed only in the special case (s,t) =
(0,1). For, as long as s+t > 2, it is easy to show that these relations
follow from the others. In the case (s,t) = (0,1), the inclusion of the
relation eb; = b€ ensures that Gg 1 is the group Zs & Z2 (and not
the free product Zs * Zy which is the infinite dihedral group). Thus,
in all cases, € is a central element of order 2 in G,;. Intuitively,
we think of the element € as “-1”, and refer to the relations (2),
(3) and (4) above by saying that the elements {a,...,as, b1,...,b:}
“pairwise anticommute”. It is easy to see that any element of the group
G, can be written uniquely in the form e*a;, ---a;_ bj, ---b;, , where
1<i1 < <4, <8 1<j1<--<j, <tandk € {0,1}. Thus,
G, is a finite group of cardinality 2"+! where r := s + t.

The groups G, are implicit in Clifford’s work on “geometric alge-
bras” [4, pp. 398-399]. In fact, if C(ys,:) denotes the Clifford algebra
of the quadratic form ¢, := s(—1) L ¢(1) over any field of character-
istic not 2, then G, appears naturally as a subgroup of the group of
units in this Clifford algebra. Some of the groups G, ; are of interest to
physicists. In the study of the spin of the electron, the commutation re-
lations between angular momentum operators led to the consideration
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