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ON TORSION IN GROUPS WHOSE
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1. Introduction. Our object is to study the effect on the elements
of finite order in a group of imposing finiteness conditions on the
automorphism group. That some effect is to be expected is suggested
by results already in the literature. Almost thirty years ago Baer [1]
showed that a torsion group whose automorphism group is finite is
itself finite. This result was sharpened by Nagrebeckii [9] who proved
that if the automorphism group Aut G of a group G is finite, then
the elements of finite order form a finite subgroup of G. Subsequently
it was observed that certain apparently weaker finiteness properties
are in fact equivalent to the finiteness of Aut G. Thus Robinson [14]
showed that if Aut G is a Cernikov group, then it is finite. Recently
Zimmerman [17] has proved that Aut G will also be finite if it is a
countable torsion FC-group with no elements of order 2 or 3.

Here we shall consider properties of the automorphism group which
are usually weaker than finiteness but which are strong enough to force
Sylow subgroups of the group to be small. The most general property
that we consider is that of having finite abelian subgroup rank; this
property requires that every abelian subgroup A have finite torsion-
free rank ro(A) and finite p-rank r,(A) for all primes p. Somewhat
stronger is the requirement of finite abelian total rank; for this the

total rank
ro(4) + ) rp(A)
I3

of each abelian subgroup A must be finite. Stronger still are the
maximal and minimal conditions on abelian subgroups, max —ab and
min —ab.

Of course Nagrebeckii’s Theorem is really about abelian-by-finite
groups. We shall prove our results for soluble-by-finite groups.
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