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1. Introduction.

Suppose a closed Jordan curve yo in  the plane is deformed into other closed
Jordan curves yl , where A is a  complex variable in the unit disk D .  Furthermore,
suppose the deformations depend holomorphically on  A . In  such a situation one is
naturally led to investigate the dependence on A of suitably normalized Riemann
mapping functionsh of the unit disk onto GA, the inside region of y,. For a summary
of earlier results on this topic see Warschawski [8]. A result of Rodin [5 ] shows
that, in general, f t  depends real analytically on the real and imaginary parts of A.
It is of interest to know when this real analytic dependence is actually complex
analytic (i.e., holomorphic in A). In the present paper we give some methods and
results which have been useful in our preliminary investigation of the question.

2. Definitions.

Throughout this paper D,., where r > 0, denotes the disk {z e C : I zl < r}. The
Riemann sphere will be denoted C. L e t  E c  C. A  map

F: D r x E - - >  e (2.1)
is called a holomorphic motion of E if the following three conditions are satisfied:

( i ) For all A E D,. the map F (A, •): E—> e is injective.
(ii) For all z e E the map F (• , z): D,.—)C1 is holomorphic.
(iii) For all z e E, F(0, z )= z .
The "A-lemma" of Mafié-Sad-Sullivan [4] states that the holomorphic motion

(2.1) extends to a holomorphic motion

P: D r x  C l E  -- , e (2.2)

of the closure of E .  Furthermore, for each A E D r  the map

P(A, • ): C l E  -- P(A , C l E) (2.3)

is a homeomorphism and is quasiconformal on every open subset of Cl E.
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