
J . Math. Kyoto U niv . (JMKYAZ)
27-4 (1987) 587-595

On a problem of hypoellipticity

Dedicated to Professor SIGERU MIZOHATA o n  his sixtieth birthday

By

Haruki NINOMIYA*)

§ 1. Introduction.

In  the  w ork  [11 ] ,  L .  Schw artz has introduced the  no tion  o f hypoellipticity,
and proposed th e  following question (see p . 146, Remarques 2°).

Let a(x , D) be a dif ferential operator, and suppose th at  i t  h as  the  following
property : there is a positive integer 1 such that every solution u(x) of

a(x, D)u(x)=0

belongs to C - . Then, can we claim  that a(x , D) is hypoelliptic?
W e reform ulate his question in the following manner.
L et P(x , D ) be  a  differential operator o f  o r d e r  m 1  in  a n  o p e n  s e t  Q  in

,  with infinitely differentiable coefficients.

Problem  I. Assume that P(x , D) has the following property : given any open
subset w  o f  Q , there is an integer such that ev ery  0 solution u(x) of

(1) P(x, D)u(x)=0

in  w belongs to C - (w). Then, is P(x , D) hypoelliptic in Q ?

Problem I I .  L et Po be a Point of Q .  Assume that P(x , D) has the following
property: there exist an integer l ni and a neighborhood V  o f  Po such that every
0  solution u(x) of  (1) in V  belongs to C''(°11). T h e n , is  P (x , D) hypoelliptic at
Po?

H e re  P(x , D ) is  sa id  to  b e  hyPoelliptic at P o i f  th e re  is  a  neighborhood CV
o f Po such  tha t, g iven  any  distribution u  in CV, u  i s  a  C-  f u n c t io n  i n  every
neighborhood o f  Po w h e re  th is  is  t r u e  o f  P(x , D)u (w e  reca ll tha t P(x , D) is
said to be hypoelliptic in  Q  if, given any distribution u in  Q, u is a  C-  function
in  every open set w here  th is  is  true  o f  P(x, D)u).

W e know  that both  o f  Problems I and II are positive w hen the coefficients
o f  P(x , D ) a re  c o n s ta n ts . B u t w e  observe tha t these  a re  negative in  general
in  case of variable o n e s .  In  fac t, le t P(x , D )=x "P o (x , D), w here  a  is an arbi-
trary complex constant s u c h  th a t  al n2+1 and  Po (x , D) is a n  arbitrary elliptic
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