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Some Numerical invariants of hyperelliptic fibrations

By

Shigeru MATSUSAKA

O. Introduction

I n  this paper w e shall define certain num erical invariants of hyperelliptic
fibrations and study their properties. A proper surjective morphism H: X —> C is
called a  hyperelliptic fibration of genus g if X  is a  smooth surface, C  is a  smooth
curve and the general fiber of H  is  a hyperelliptic curve of genus g.

H yperellip tic  fib ra tions o f  g e n u s  2  h a v e  b e e n  s tu d ie d  b y  se v e ra l
mathematicians. Ueno [ I I ]  and Xiao [X ]  proved that the topological index i 0 (x)

= —
1
(c 1 (X )2 — 2c 2 (X )) is non-positive if X  has a hyperelliptic fibration of genus 2

3
over a  smooth compact curve.

I n  th is paper w e  w ill show  the  following inequalities fo r  every relatively
minimal hyperelliptic fibration H: X —> C over a  smooth compact curve:

—g — 1 n2 2 g  1
•  E  et (X )  i t o p (X )  • l e  (X ) • • • (0 .  . 0
2g + 1 tec 2 g  +  1 EEC

if g  is even,

—g — g2 — 2g
 E e t(X )  i 0 (X )   E e(X ) —(0.1.2)

2 g  +  1  EEC 2 g  +  1  E E C

if  g  is odd.

where et (X )= (Euler number of  H -1 (t)) — (2 — 2g). (See Theorem 4.0.1 below).
To prove these inequalities, we need a section D  of / 7

* (ox1er 4 (2 g  + 1 ) .
For every hyperelliptic fibration H : X  C ,  there exist a  P '-bundle  p: Y—> C

and  a  double covering fi:  — >  Y such that je is birational to X  over C .  There
exists an open set C° i n  C  which satisfies the following:

i) p - 1 (C° )  is isomorphic to 131 x  C°:
ii) l l '( C °)  can be identified with the closure of {(x, t, y)EC x C x  C; y 2

= yo(x, t)}, where x is an inhomogeneous coodinate of 13 ' and  go is a polynomial of
x of degree 2g + 1 or 2g + 2 with coefficients in the rational function field of C° .

The section D  of ( 11 l l * cox1c)®412g  4 . I )  is defined to be

Received March 26 1988


