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Homology and cohomology of Lie superalgebra
sl (2, 1) with coefficients in the spaces of

finite-dimensional irreducible reprsentations

By

Junko TANAKA

Introduction

I n  this paper w e give a  m ethod o f  calculation fo r  homology groups and
cohomology groups w ith coefficients in a space o f  a  representation o f a  L ie
superalgebra, a n d  c a r r y  o u t  t h e  ca lcu la tion  to  de te rm ine  them  f o r  finite-
dimensional irreducible sl(2, 1)-modules.

A motivation of this w ork is to understand to w hat extent the idea of the
cohomological induction is useful fo r representations o f  L ie  superalgebras. In
the case of reductive L ie algebras, th e  theory o f  cohomological induction was
introduced by Vogan and Zuckerman and was developed by Vogan, Knapp and
o the rs  (see  e .g . [ 8 ] ) .  Studies o f  th e  s tru c tu re s  o f  cohomologically induced
m odules, vanishing theorem s a n d  B lattner's m ultiplicity  fo rm u la  a re  very
important, and there, the  Poincaré duality plays a  decisive role.

In the case of Lie superalgebras, Chemla [2] proved a  Poincaré duality under
a restrictive condition tha t the  representation in question has a  finite projective
dim ension. H ow ever, w e d o  n o t k n o w  i f  th is  restrictive condition is really
neccessary and  w h e n  it  h o ld s . In  author's previous work [13 ] (see also [15]),
w e  s e e  th a t  P oincaré  d u a lity  d o e s  n o t  h o ld , excep t the  tr iv ia l case , fo r
finite-dimensional representations of gl (1, 1). This situation is also true for the
present case of sl(2, 1).

I n  [6 ], K ac constructed all finite-dimensional irreducible representations of
Lie superalgebras g = g6 gy = 51 (m, n) as the quotient module V (A) = (A) I 1(A)
o f  a  s t a n d a r d  induced  m o d u le  V (A )  b y  i t s  m axim al p ro p e r  submodule
1(A) . Furutsu studied these modules in detail for sl (2, 1) and sl(3, 1) in [ 5 ] .  In
the case of g = g6 C) gy = sl (2, 1), P(A) is constructed starting from an irreducible
highest weight g6-module with highest weight A. A c c o rd in g  to  g6 sl (2, C) C)
C • C , th e  highest weight A  is g iven a s  A =  c ), where 2 e is  a  highest
weight for sl (2, C) a n d  c  is  a  scalar fo r C  w hich is in  th e  center of g 6 .  We
can  construc t a ll fin ite -d im ensiona l irreducib le  m o d u le s  o f  sl (2, 1) quite
explicitly. F urther, w e  find  tha t any  such  irreducib le  m odule is equivalent to
o n e  o f  V (A ) o r  1(A ), a n d  th a t  a s  g0-modules 17 (A) i s  a  d ire c t  sum  of four
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