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On maps from BS 1 to classifying spaces of certain
gauge groups II

By

Shuichi TSUKUDA

1. Introduction

The purpose of this paper is to generalize Theorem  1.2 o f  [ 5 ] .  Let Jr: P
—>X be a principal SU (2) bundle over a  simply connected closed 4 manifold X
and its gauge group. is identified w ith r(A d P ), all continuous sections
of the adjoint bundle of P, and we give the compact open topology on it.
We show the following result.

Theorem 1 .1  The following three conditions are equivalent.
1. There exists a homotopically non trivial map from BS' to B.
2. There exists a non trivial homomorphism from S l  to
3. The structure group of P reduces to S 1 .

Remark 1 .2  I n  [5 ], we showed this result under the  assumption that X
is a  smooth simply connected spin 4 manifold or CP2 .

It is clear that 3  implies 2  and by the Appendix o f  [5 ], 2  implies 1. The
struc tu re  g roup  o f  P  reduces to  S I  i f  a n d  o n ly  i f  th e re  e x is ts  a n  element
u E H 2 (X ) such that c2 (P) =  u2 [X] . W e w ill show  th a t 1 implies c2 (P) =
— u 2 [X]. In this paper H * ( )  ( (H * )) mean the in tegral (co) homology.

2 .  Proof of Theorem 1.1

Note th a t principal SU (2) bundles over X  a re  c lassified  by their 2nd Chern
c la sse s . If  c2 (P) =k , b y  [1 ], we have a homotopy equivalence

BW -=Mapk (X , BSU (2) ) ,

where Mapk (X, BSU (2)) denotes the connected component of Map (X, BSU(2))
containing the map inducing P and a fibration
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M ap' (X, BSU (2) ) — )Mapk (X, BSU (2) ) BSU (2) ,
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