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1. Let G1 and be locally compact abelian groups, let be a closed ideal
in the group algebra L(), and let T be a homomorphism of the ideal into
the algebra M() of bounded and regular Borel measures on . The pur-
pose of this paper is to show that when -< 1, then T must come from
an affine transformation of the dual group r= of into the dual group F of,. When LI(), this is known and is due to Helson IS]. Helson
assumes also that T is an isomorphism onto L()., but with a certain modi-
fication his argument works without this additional assumption. That Y
comes from an affine transformation when L() and -< 1 is also
a corollary of the deep result of Cohen [1], [4, ch. 4] hat every homomorphism
of L ((7) into M(G,) comes from a piecewise affine transformation of r into
F1. Although our extension of Helson’s theorem is very modest and the
proof we offer is not difficult, it does not seem to be possible to obtain this
extension from either the results or the arguments of Helson and Cohen.

Let A be the open set of x in r such that (x) 0 for some / in , where
is the Fourier transform of/. Then A can be identified with the maximal

ideal space of . Each x in A defines a nontrivial complex homomorphsm
of whose value at / in is (x), and every such homomorphism of is ob-
tained in this way. 1V[oreover, separates points on A as J contains every
f in L(G) such that the support of is contained in A [4, p. 161], and the
topology of A as a subspace of r is the same as the topology induced on
A by the functions inJ. Let A be the open set of x in F= such
that (Tf)^(x) 0 for some f in J, where (Tf) is the Fourier-Stieltjes trans-
form of the measure Tf. Each x in A. defines a nontrivial complex homo-
morphism of J whose value at f in J is (Tf)^(x), and therefore there is (x)
in A1 such that (Tf) (;) ]((x) ). The map from A2 into A1 defined
in this way is continuous and we have for f in J,

Tf) 0 on

(Tf) ](9) on A2.

Let Z2 be the coset in F2 generated by X.o. A map r from 2 into F1 is said
to be affine if

(-) ()()()-
for all =,/, , in E2. Because the norm of a multiplicative linear functional
on J is 1, we always have IIT >- 1 (unless T 0, and we will always as-
sume T 0). We will show"
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