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1. Introduction

The set Q of all functions ¥(n) on Z = {1, 2, 3, -+ -} into a commutative
ring R with identity forms a commutative ring with identity under ordinary
addition and the multiplication #; (¥ *x x)(n) = D_ajn ¥(d)-x(n/d). It was
proved by Cashwell and Everett [2] that when R is the field of complex num-
bers © is a unique factorization domain. In this paper we extend and prove
the unique factorization theorem in Q for a wider class of commutative rings
R. The method is indirect and it uses the isomorphism between € and the
ring of formal power series R, in a countably infinite number of indeterminates
over B. The theorem is proved for B, by introducing a topology.

2. The ring of number theoretic functions

The class @ of all number theoretic functions ¢, i.e., all functions ¢(n) on
the set Z of natural numbers n into a commutative ring with identity forms a
commutative ring with identity under the addition -+,

(¢¥+ x)(n) = ¥(n) + x(n),

and the multiplication * which is called convolution,

W *xx)(n) = 2ajn ¥(d)-x(n/d).

The zero 0 and the additive inverse —y of ¥ are of course the functions defined
by O0(n) = 0 and (—¢)(n) = —y¢(n) for every n. The function E with
E(1) = the identity of R, E(n) = 0 forall n s 1, is the identity:
Exy=yxE=yforallyinQ. Wesay that Qis the ring of number theoretic
functions over R if each function of @ takes values from R. A function
N(¢¥) on @ to Z is defined by taking N(y) to be the smallest number n for
which ¢(n) == 0if ¢ 0 and N(¢) = o if and only if ¢ = 0. Clearly
N(y) = 1forall y. If R has no zero divisors, then N(¢ x x) = N(¢) -N(x)
for all ¥, x of @. Indeed, we find that, if ¢ 5 0, x = 0 with N(¢) = 7 and
N(x) = j, then

W *x)(5F) = Zmnmii¥(m)-x(n) = $(2)-x(j) = 0
since ¢(m) = 0, x(n) = Oforallm < fand n < j.
ProrosrrioN 1. The ring Q@ of number theoretic functions over a domain of

integrity (v.e., a commutative domain with identity) has no zero divisors.
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