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In Memoriam Irving Reiner

0. Introduction

In this paper, we show how Mayer-Vietoris sequences can be constructed to
permit the computation of Picard groups and outer automorphism groups of
orders from fibre product diagrams. We then illustrate the use of these
sequences by carrying out the computations for certain group rings. The idea
that there might be such sequences was inspired by the use of pullback
methods in the construction [20] by the second author and L.L. Scott, Jr. of a
counterexample to the Zassenhaus conjecture.

We feel that the mathematics in the paper is very much in the spirit of our
dear friend and teacher, the late Irving Reiner. We humbly dedicate this work
to his memory.

Let R be a Dedekind domain with field of fractions K; for instance, the ring
of algebraic integers in the algebraic number field K. Let A be an R-order in a
separable K-algebra A. For an R-subalgebra T of the center Z(A) of A, we
denote by Picy(A) the group of isomorphism classes [M] of invertible
A-bimodules with tm = mt whenever t € T and m € M. This group was first
studied in the setting of orders by Frohlich [3]. We shall consider the subgroup
LFPic;(A) of Picy(A) consisting of those [M] for which M is locally free on
one side. By a result of Swan [23], we have

Pic;(ZG) = LFPic,(ZG),

where ZG denotes the integral group ring of the finite group G.
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