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ON QUANTUM COHOMOLOGY RINGS
OF PARTIAL FLAG VARIETIES

IONUT CIOCAN-FONTANINE

0. Introduction. The main goal of this paper is to give a unified description for
the structure of the small quantum cohomology rings for all projective homogeneous
spacesSL,(C)/ P, whereP is a parabolic subgroup.

The quantum cohomology ring of a smooth projective variety, or more generally of
a symplectic manifold(, has been introduced by string theorists (see [Va] and [W1]).
Roughly speaking, it is a deformation of the usual cohomology ring, with parameter
space given by *(X). The multiplicative structure of quantum cohomology encodes
the enumerative geometry of rational curvesXnin the past few years, the highly
nontrivial task of giving a rigorous mathematical treatment of quantum cohomology
has been accomplished both in the realm of algebraic and symplectic geometry. In
various degrees of generality, this can be found in [Beh], [BehM], [KM], [LiT1],
[LiT2], [McS], and [RT], as well as in the surveys [FP] and [T].

If one restricts the parameter spacedd1(X), one gets themall quantum coho-
mology ring This ring, in the case of partial flag varieties, is the object of the present
paper. In order to state our main results, we first describe briefly the “classical” side
of the story.

We interpret the homogeneous spate= SL,,(C)/P as the complex, projective
variety, parametrizing flags @fuotientsof C" of given ranks, sayj; > --- > nj.

By a classical result of Ehresmann [E], the integral cohomology afan be
described geometrically as the free abelian group generated ISctheert classes
These are the (Poincaré duals of) fundamental classes of certain subv&jeties,
one for each element of the subset= S(n1,...,n;) of the symmetric grous,,
consisting of permutationg with descents ifny, ..., ng}.

A description of the multiplicative structure is provided by yet another classical

theorem, due to Borel [Bor], which gives a presentationH&( F, 7). Specifically, let
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Of sy Oy O ey O s ey O ey Oy be n independent variables. Define
A, to be the block-diagonal matrix diéD1, D2, ..., Dy+1), where
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