Vol. 94, No. 3 DUKE MATHEMATICAL JOURNAL © 1998

ON THE LOCATION AND PROFILE OF SPIKE-LAYER
SOLUTIONS TO A SINGULARLY PERTURBED
SEMILINEAR DIRICHLET PROBLEM:
INTERMEDIATE SOLUTIONS

WEI-MING NI, IZUMI TAKAGI, AND JUNCHENG WEI

1. Introduction. In this paper, we continue our investigation [12] on spike-
layer solutions to singularly perturbed nonlinear Dirichlet problems. In addition
to discussing the existence of “spike-layer” solutions, we study the location of
spikes as well as the profile of spikes of the problem

eAu+f(u)=0 inQ,
(1.1 u>0 in Q,
u=0 on 0Q,
where
n 62
B i=1 —éx_tz

is the Laplace operator, Q is a bounded domain in R" with smooth boundary
0Q, ¢ > 0 is a small parameter, and f : R — R is of class C*°(R) with 0 < ¢ < 1
satisfying the following conditions:

(f1) £(0) =0andf'(0) = —m < 0;

(f2) f has two positive zeros z; and z, such that z; < z;, f'(z2) < 0, and f has
no other positive zeros;

(1) Ji2f(s)ds > O;

(f4) the function u — f(u)/(u — up) is nonincreasing in the interval (up, z3),
where uy is defined as the unique number in (z;,z;) such that
Jo*f(s)ds=0. ‘

A typical example for the function f with the properties (f1), (f2), (f3), and (f4),
is the “cubic” function f(u) = u(u — a)(1 — u),0 < a < 1/2, which has appeared
in various models in applied mathematics, including population genetics and
chemical reactor theory. (See, e.g., [7] and the references therein.)

11\2natural quantity associated with (1.1) is the “energy functional” defined in
W2 (Q):
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