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THE NODAL LINE OF THE SECOND EIGENFUNCTION
OF THE LAPLACIAN IN R? CAN BE CLOSED

M. HOFFMANN-OSTENHOF, T. HOFFMANN-OSTENHOF, AND
N. NADIRASHVILI

Let D be a bounded domain in IR%. Consider the corresponding Dirichlet
problem

(l) —Aui=liui, i= 1,2...,

with u; € W,"*(D) (the closure of CZ°(D) in the W'2-norm [GT]) and with eigen-
values A; < A <3< ---.

We see that u; has one sign but the nodal set of u;, A (u)=
{x € D : up(x) = 0} is nonempty. In fact, according to Courant’s nodal theorem,
there are domains D, and D_ such that D = D, UD_ withuy >0in D,, u; <0
in D_, and u = 0 in 0D, and oD_.

In 1967 Payne [P] conjectured that u cannot have a closed nodal line in D.
In 1982 Yau [Y] asked the same question for convex domains in R2. Melas [M]
recently has settled the convex case for the C*-boundary and this was extended
to the general boundary by Alessandrini [A]. Also, for convex D Jerison [J] and
Grieser and Jerison [GJ] obtained interesting results on the location of A (u3).

In this note we construct a nonconvex, not simply connected domain for
which the second eigenfunction has a closed nodal line.

We first describe the domain. We use polar coordinates, r = |x|, x; = rcos w,
and x; =rsinw, -t < 0 < 7.

Let 0 < Ry < Ry, Bg, = {xeR?>:r < R;}, i=1,2, and the annulus Mg, g, =
Bg,\Bg,. We shall construct our domain by opening passages between Mg, g,
and Bg,. First we pick R; and R; such that

(2) A (Br,) < A1(MR,r,) < 42(Br,),

where the 4;(-) denote the corresponding Dirichlet eigenvalues. In particular, we
then have

( /11(BR1 V) MR],Rz) = ll(BRl) and
3)
;"2(BR1 v MRhRZ) = AI(MRI»RZ)'
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