Vol. 57, No. 1 DUKE MATHEMATICAL JOURNAL © August 1988

TWISTED DIFFERENCE OPERATORS AND PERTURBED
CHEBYSHEV POLYNOMIALS

ATTILA MATE, PAUL NEVAIL anp VILMOS TOTIK

CONTENTS

1. Introduction

I. Difference inequalities

2. Main results

3. Auxiliary results

4. Proofs of the main results on difference inequalities
II. Perturbations of the Chebyshev polynomials

5. Preliminaries

6. Slight perturbations

7. Larger perturbations

1. Introduction. The Chebyshev polynomials 7, satisfy the recurrence equa-
tion

T,,,(x) — 2xT,,(x) + T,(x) = 0;

see section 5 for more details and explanations. It is expected that a perturbation
of these polynomials will satisfy the approximate equation

(1.1) Pria(x) = 2xp,,1(x) + p,(x) = 0.

In fact, something like this will indeed be true for —1 < x < 1 for the kind of
perturbations that will be described in section 5. Introducing the difference
operator

(1‘2) A(t)qv = ei'qv+1 - qv

(caution: in section 6, A(¢) will be defined differently; this is only a special case),
the left-hand side of (1.1) can be written as

A(6)A(=8)p,(x) = e®(e7p,12(x) = Pyss(x)) = (e7pua(x) = B(x)),
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