MATRICES OF SCHUR FUNCTIONS

By MARvIN MaRrcus AND Susan M. Karz

1. Statements. In a recent announcement [1], J. E. de Pillis stated the
following result:

Let H be an mn X mn positive semi-definite hermitian matriz, and partition
H intom® n X nmatrices H,, ,s,t =1,---,m. Let1 < q < n and let e,, denote
the g-th elementary symmetric function of the eigenvalues of the matriz H,, , i.e.,
e, = E,(H,)). Then the m X n matrix E = (e,,) s positive semi-definite hermi-
tian also.

In the present paper we prove a substantial generalization of this theorem as a
consequence of an elementary lemma on traces of submatrices of hermitian
matrices.

In order to state our result we introduce a general class of polynomial func-
tions known as Schur functions. Thus let G denote a subgroup of the sym-
metrie group of degree p, S, , 1 < p < n, and let x be a non-zero character of
degree one on G. Define an equivalence relation “~’ on the set T,,, of all n®
sequences w = (w;, ***, @), 1 < w; <m, 2 =1, ---, p, as follows: two se-
quences « and 8 are equivalent, i.e., « ~ B, if and only if there exists o & G such
that

o = (@ecry » **+ o) = B

Let A, denote the system of distinet representatives in T, for ““~’’ in which
each sequence « in A, is lowest in lexicographic order in the equivalence class
in which it lies. Define a subset 4, of A, as follows: A, is the set of all sequences
a ¢ A, for which x = 1 on the stabilizer G, in G. Here @, = (¢ | o ¢ G and
a’ = a). Let v(a) denote the order of G, . The Schur function associated with
@ and x is the polynomial

(1) fG.x('Yl y T 77») = Zf& H’yznz(w)’
in which m, () is the number of times the integer ¢ occurs inw. If Xisann X n
matrix, we define

fG,x(X)

to be fa,x(v1, - ** ,va), wherey; , -+ , v, are the eigenvalues of X.
The first main result is the following;:
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