SETS OF VALUES OF GENERAL DIRICHLET SERIES

By RoBERT SPIRA

1. Introduction. Harald Bohr [1] gave four theorems, stated below, on the
set of values of a general Dirichlet series,

¢ f6) = 2™, Ma>Nh, Mo+,

taken along a given vertical line, and the relation of this set to the set of values
assumed in the neighborhood of the line and also to the set of values of a com-
panion funection of countably many variables. In this paper, we generalize Bohr’s
theorems to sets of lines, restricted in some cases to have compact or open
projections on the real axis. These strengthened forms of Bohr’s theorems are
necessary in the applications [2].

2. Bohr’s theorems. Let L be a finite or countable set of real numbers
M, A, - -+ and let By, be the vector space over the rationals generated by L. We
say B is a basis of L, provided it is a basis of B, . For such a B, each element
of L is a linear combination of elements of B with rational coefficients, and if
these rational coefficients are integral, we say B is an integral basts of L.

Let f(s) beas (1) aboveand let B = {8,, 8, --- } beabasisfor {A\;, Nz, --- }.
Thus, we have

(2) )‘n = rn.lﬂ! + 7',,.2[32 + e + ru.a»Bq» y
with rational r, ; . We define,
(3) F(xl )y Loyt ) = Z a, €Xp (_—(rn.lxl + -+ rﬂ.ﬂnan))'

n=1

Let A be the abscissa of absolute convergence of f(s) and let oo > A. Asin
Bohr’s paper, we define,

4) V(ss) = the set of function values f(oo + 7t), — © <t < o,

*) W) = {set of function values of f(¢ + %), } ,
20 gy — 8 <o <o +8 —o <t<
U(s,) = the set of values of F(z,, x,, --- ) as each
(6) z; independently runs over the line Rex; = 8,0, .

Finally, we define two Dirichlet series with the same \,’s, D a,e™™** and
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