THE INTEGRATION OF THE GENERALIZED DERIVATIVES
By C. KASSIMATIS

1. Introduction. We begin with

DeriniTioN 1.1. Let F(z) be a single-valued function defined over a given
domain, We define the operator H, as follows

(1'1) Hn[F(x): Zyy0c, xm-l]
= @ps1 — 1)+ s — Tn) ’}_'_:, F)/{z — ) -+ (¢ — Tnsr)}mas

forn =1, 2,3, -+, where the “prime” denotes ordinary differentiation.
If we set wo.1(2) = (2 — 1) -+ (2 — z,), then formula (1.1) becomes

n+l1

H,[F@):z,, -+ ) Tasr] = Wosa1(Tnsr) g:l F(x;)/wnea(;)-

In order to obtain H,[F(z):u,, -+, U,, «] it suffices toset z, = u,, - -+, 2, =
Uy , Tpyy = Z in formula (1.1).
The following properties of H, are direct consequences of Definition 1.1:

(6)) Hn[ Z a.F(x): 2, --- y xn+1:| = Z a;H,[F(z): z, )ty Tnsal

= b=t
where @, , - - -, a,, are arbitrary constants.
(ii) If F(x) reduces to a polynomial of degree at most » — 1, then
H[F(): 2y, *** ) Tasa] = O.
Gi) Xzpyy=2z;, C=1,---,n;n > 1), then
H[F(x): 2y, *++ , Toss] = 0.

Gv) H,[F(z):z,, ++- , Tns,) remains invariant under all permutations of the

points z, , +++ , z, .

(V) Hn[{wn+l(xn+l)}~lF(x): Ly, *°°, xni-l]

remains invariant under all permutations of the distinct points z, , -« , Zn4; -
By means of H, we define a generalized derivative as follows

DeriniTioN 1.2. Let f(x) be defined and continuous in the interval (a, b)
and let z, , --- , x,,, be distinet constants. Suppose that the points =z,
z + xh, -+,  + Z,..h belong to the interval (a, b). If

(1.2) H,[n! {B"Wai1(X0i1)} " f@): 2 + 2k, -+, & + Taish]
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