GENERATING FUNCTIONS FOR POWERS OF FIBONACCI NUMBERS

By JouN RiorpaN

1. Introduction. The Fibonacci numbers, f, , may be defined by f, = f, = 1,
fo = fae1 + fama,m = 2,3, -+ . Their generating function is

h@) = L fa" =1 =z =)
The similar generating function for the k-th power of f, is defined as

f@ = 3 .

n=0
S. W. Golomb 2] (see also [1, 194, Example 32]) has found effectively that
1=22—2"+2h@) =1—2

and thus raised the question of the character of similar expressions for &k =
3,4, ---. A short proof of this expression is as follows. First, it is familiar that

fa = fatfasr = (=1)", n=20,1,2,---.
Then
f: = (fa1 + f»—2)2
= fac1 + facz + 2(fa = fa-2)fa-s
= for = fae + 2(facs + (=1))
or

o = 8fn-1 + fae = 2(=1)", n=12 -
while f2 = 1, Hence
(1 = 3z + 2Dfala) = 1 — 2xfo(—2)

where (1 — z) fo(x) = 1. Simplifying leads to Golomb’s result.
In similar fashion it is found that

fa = 4fses = faz = 3(=1)"fn-1 , =1,2 .-
fao = Tfues + fae = 8(=1)"facs + 2, n=12, -
which correspond to the generating function relations
’ (1 — 42 — 25fs(x) = 1 — 3xfi(—2)
(1 = 7z + 25f.(2) = 1 — Sxfo(—2x) + 22fo(2).
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