A THEOREM OF M. BAUER
By ALFRED BRAUER

Bauer [1] has proved the following theorem.

Let f(x) be a polynomial with integral rational coefficients and at least one real
root of odd multiplicity. If all the prime divisors of f(x), with the exception of a
finite number, have the form kz = 1 where k > 2 is an integer, then f(x) has an
nfinite number of prime divisors which do not have the form kz + 1.

Bauer’s proof is also presented by E. Landau [2; 440-441]. 1. Schur [3] re-
marked that the theorem holds for every integral polynomial with at least one
real root.

In the following, I shall give another simple proof of Bauer’s theorem which
will show that the theorem is almost trivial for polynomials of odd degree. I
shall prove the following generalization of Bauer’s result.

TaeoreEM 1. Let f(x) be a polynomial with integral rational coefficients which
has at least one real root. Let & (k) be the group of the residue classes relatively
prime to k, and O a subgroup which does not contain the class of numbers congruent
to —1 (mod k). Then f(x) contains infinitely many prime divisors which do not
belong to the classes of 9.

Since the quadratic residues form a subgroup  of ®&(k), and since —1 is a
quadratic non-residue for the primes ¢ of form 4n + 3, it follows from Theorem 1
at once

TaEOREM 2. If q 75 a prime of form 4n + 3 and f(x) a polynomial with a real
root, then f(x) contains an infinite number of prime divisors which are quadratic
non-residues mod q.

For every k, polynomials exist of which all the prime divisors, except a finite
number, have the form kz + 1. It is unknown whether polynomials exist of
which all the prime divisors, except a finite number, belong to the same residue
class kz 4+ [ with I % 1. Here the following result is obtained.

TuarorEM 3. Let f(x) be an integral polynomial with a real root. Let k be an
integer of one of the following forms: 2%, 2°P, 2Q, or Q where P and Q are Fermat
primes 2°" + 1 or products of different Fermat primes, Q divisible by 3, and 8 > 2.
Assume that all the prime divisors of f(x) with the exception of a finite number
belong to the same residue class kz + 1. Thenl = —1 (mod k).

Proof of Theorem 1. It is sufficient to assume that f(x) is irreducible in the
field of rational numbers. Otherwise we consider a factor of f(x) which has a
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