ISOMETRIC EMBEDDING OF FLAT MANIFOLDS IN EUCLIDIAN SPACE
By C. ToMPKINS

1. If 2y, ..., 2, represent a set of normal orthogonal coordinates in a
Euclidian space of 2n dimensions, andif 4, (@ = 1, 2, ..., n) is a set of param-
eters which may be reduced modulo 2, the equations

¢)) Toa—1 = COS U, , Zoa = SIN U,

represent an n-dimensional torus (the product of 7 circles) embedded in the
Euclidian space. Furthermore, the metric induced on this torus is flat; with
the given choice of parameters it is clear that gs = 64 , where g represents the
fundamental metric tensor induced on the torus and 8. is zero if a differs from
b and one if @ and b are equal. This shows that there exists a flat n-dimensional
manifold which may be sometrically embedded in 2n-dimensional Euclidian
space.

The object of this note is to show that it is impossible to embed a closed
n-dimensional manifold in Euclidian space of less than 2n dimensions so that
(1) the manifold admits a representation by Frenet equations with coefficients
satisfying Gauss equations' and (2) the metric induced on the manifold is flat.
This result is already known for the case where n is two.”

For purposes of convenience, indices chosen from the first part of the alphabet
will have the range from 1 to n, and those from the last part have the range 1 to
(n — 1). Latin indices, even when repeated, are not summed. Greek indices
are summed.

2. Algebraic lemmas. Let A be a matrix of n rows and n columns whose
elements aq are vectors in a real space of a fixed number of dimensions. 4 will
be said to satisfy condition I if and only if

@) OacQpd = GadUpe,

where the multiplication means the scalar product. A will be said to satisfy
condition IT if and only if the vanishing of any linear combination of any one
diagonal element and any set of non-diagonal elements implies that the coeffi-
cient of the diagonal element is zero; i.e., each diagonal element is independent of
the non-diagonal ones.

LemMmA 1. If the matriz A satisfies both conditions I and I1 simultaneously, the
elements aqw lie in a space of at least n dimensions.
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