SPHEROIDAL AND BIPOLAR COORDINATES

By H. BATEMAN

1. The relations between the different codrdinates. Let ¢ = w cos ¢,
Yy = w sin ¢, then if

(1.1) z=rcosf = kuv = kS sh g, U =
(1.2)  w=rsind = k@ — D1 — » = kS sin 7,

(1.3) k(u — v) = R, k(u +v) = R, S(ch o — cos 7) = 1,
14 (@w—-—o) =u+v, (@ —Deosr=u"+1v"—2

(1.5) =W+ — 1).

It is usual to call (r, 6, ¢) the spherical polar codrdinates, (2, w, ¢) the cylindrical
coordinates, (u, v, ¢) the spheroidal coérdinates and (s, 7, ¢) the bipolar co-
ordinates of the point P whose rectangular coérdinates are (z, y, 2).

For a second point P, whose rectangular coordinates are (xo, %o, %), quanti-
ties uo , vo, Wo, 6o, G0, 0o, 7o, Ko, Ro, So may be defined by similar equations
with a constant ky which may or may not be different from k. We shall, how-
ever, be interested in a function G(x, ¥, 2, 2o, %o, 20) which is harmonic when
considered as a function of z, y, 2 and also when considered as a function of
Zo, Yo, 20 . For reasons of symmetry it will be convenient in this case to take
ko = k.
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2. The standard spheroidal harmonics. It is well known that Laplace’s
equation has the simple solutions

Pr(w)Pr(w)e™,  Qu(w)Pr(v)e™,

where P (u) and Q7 (u) are associated Legendre functions.
In the case of symmetry about the axis of 2z the simple solutions become

Po(u)Pa(v) and  Qu(w)P.(v).

A series of solutions of the second type is particularly useful for the repre-
sentation of a potential function in the space outside a prolate spheroid whose
foci are at the points with rectangular coérdinates (0, 0, k), (0, 0, —k), respec-
tively. This leads to the consideration of Neumann series of type

@2.1) 70 = 3 (n + Dea@ulw).

Such a series is known to converge in the region of the complex u-plane that
lies outside an ellipse with the points 4% and —k as foci, when f(u) is an analytic
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