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DISCUSSION ON PROFESSOR KINGMAN’S PAPER

PROFESSOR D. L. BURKHOLDER (University of Illinois). The key to the point-
wise ergodic theorem for subadditive stochastic processes is the decomposition

(1) xst = yst + Zat *

Here y is an additive process satisfying Ey, = y(x) and z is a nonnegative sub-
additive process with y(z) = 0. Kingman’s elegant proof of the existence of such
a decomposition for any subadditive process x is the most difficult part of his
paper [2] so a slightly different proof, one which is more probabilistic in its
orientation, may be of some interest.

The main novelty in the following proof is the use of Komlds’s theorem [3]:
If X), X,, - - is an L'-bounded random variable sequence (sup, E|X,| < o), then
there is a sequence n, < n, < - - - of positive integers and an integrable random vari-
able Y such that

j_l g:l Xni - Y

almost everywhere as j — co. This theorem could be avoided if the sequence
f, = (fi) defined below could be shown to converge almost everywhere. How-
ever, quite apart from this possibility, Komlos’s theorem gives at once enough
information to carry through the proof of (1); it is enough to know that the se-
quence of Cesaro means of some subsequence of f, converges almost everywhere.

The first steps leading to Komlds’s remarkable theorem were made by
Steinhaus, Austin, Rényi, and Révész; see [3]. Recent contributions have been
made by Chatterji; for example, see [1].

Now let x = (x,,) be a subadditive process and y = y(x). The desired decom-
position (1) may be deduced easily from the following fact.

LEMMA. There is a stationary random variable sequence for frs -+ such that
Efy =y and
2) TS S X 0<s<t.

Given this, let y,, = 312} f, and z,, = x,, — y,,. Theny is an additive process
with Ey, = 7 and z is a nonnegative subadditive process with y(z) = 0:

17 Ezy, = 17 E(xy, — Yor)
=t'9,—r—0
as t — co. This proves (1).

Proor oF LEMMA. Let

(3) Sin = 170 2070 (Kkkrr = Xwrirr) -

Since (x,,,.4;) has the same distribution as (x,,), it is clear that f, = (f,),
f, = (fi.), - - - is a stationary sequence.
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