ON BAHADUR’S REPRESENTATION OF SAMPLE QUANTILES

By J. Kierer'
Coinell University

1. Introduction and summary. Let X; , X, - - - be independent and identically
distributed real random variables with common df F. Suppose that 0 < p < 1,
that F(&,) = p, that F is twice differentiable in a neighborhood of p, and that
F” is bounded in that neighborhood and F’(£,) > 0. Let S, be the sample df
based on (X1, ---, X.); i.e., nS,(¢) = number of X; = 2,1 = 7 < n. Let
Y,» be a sample p-quantile based on (X, -+ X,);ie, Su(Ypu—) = p =
Su(Yp.); if np is an integer, so that Y, , is not unique, it will be seen that any
measurable definition can be used in the sequel, and for the sake of definiteness
we shall take the smallest possible value. We shall write o, = [p(1 — p)]%

Let

(1.1) Bo(p) = Ypu — & + [Su(ép) — p]/F,(fp)-
Bahadur (1966) initiated the study of R.(p) and showed that
(1.2) R.(p) = O(n™*(log n)*(log log n)*)

wp 1 as n — . He also raised the question of finding the exact order of R,(p).
In the present paper we answer this by proving

TueOREM 1. For either choice of sign,
(1.3) lim supmw = F'(&)Ru(p)/12737 " o,in " (log log n)"] = 1
wp 1.

Later in this section we shall sketch the rationale behind this result, whose
proof will ocecupy most of the paper.

Let 7 be any positive number. For ¢ ¢ [—7, 7], we write
(1.4) Ua(t) = 0™F (&pra=")Bu(p + n7%),

Un = Un(0) = n™"F'(&)Ru(p),

which by assumption on F make sense for n large. Also write
(1.5) K, = n'(p — Suls))-
As the discussion later in this section shows, it is trivial that, for each b > 0,
uniformly in ™ < |k, | < b, the conditional law of U,/| k., |}, given K, = k,, is
asymptotically N(0, 1) as n — . Since K,/o, is also asymptotically N(0, 1),
it is obvious that ,
(1.6) iMoo P{U, < u} = 20,7 [7 @k Hu)¢(k/op) dic
where ® and ¢ are the standard N (0, 1) df and density. More generally, we shall
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